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Abstract
We study the amalgamation property in positive logic. We give some
connections between the amalgamation property and Robinson theories,
model-complete theories and the Hausdorff property.
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tially closed, h-maximal, Robinson theories, Hausdorff theories, positive
amalgamation, amalgamation basis, kaiser’s hull, model-complete, T-weakly
complementary.
Introduction
The positive model theory is the study of the h-inductive theories through
special classes of of their models, particularly the class of existentially
closed models, the class of h-maximal models, and the class of amalgama-
tion basis.
The notion of positive model theory was first introduced by Ben Yaacov
following the line of research on inductive classes of structures accom-
plished by Pillay.
In this paper we continue the study of the amalgamation property
begun in [1, 4]. In the first section we recall the basic concepts of positive
logic and we prove some properties of the classes of positive closed and
h-maximal models. In the second section we give some results about the
amalgamation bases and amalgamation class and their connections with
Robinson theories and Hausdorff property. The third section is devoted
to the axiomatization of the amalgamation basis and the amalgamation
property.
1 Positive logic
In the first part of this section we will recall various definitions and notions
of positive logic. For further detail, [4] is sufficiently complete reference.
Consider L a first-order language. A formula is said to be positive
when it is obtained from the atomic formulas by the use of ∃,∨,∧. It can
be written in prenex form as ∃x¯ φ(x¯, y¯), where φ is positive quantifier-free.
In this case the variables y¯ are said to be free.
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A sentence is a first order formula without free variables. A sentence
is said to be h-universal if it is the negation of a positive sentence. The
set of h-universal sentences is closed under conjunction and disjunction.
A sentence is said to be h-inductive if it is a finite conjunction of sentences
of the form
∀x¯(∃y¯ϕ(x¯, y¯)→ ∃zψ(x¯, z¯)) ,
where ϕ and ψ are quantifier-free and positive formulas.
Let A and B be L-structures. A mapping f from A into B is a ho-
momorphism if and only if for evry tuple a¯ from A, and for every atomic
formula φ; A |= φ(a¯) implies B |= φ(f(a¯)). In such a case B is said to be
a continuation of A.
A homomorphism f is an embedding if and only if for every tuple a¯ from
A, a¯ and f(a¯) satisfy the same atomic formulas.
A homomorphism is said to be an immersion whenever a¯ and f(a¯) satisfy
the same positive formulas.
A class of L-structures is said to be h-inductive if it is closed with
respect to inductive limits of homomorphisms. A theory T is said to be
h-inductive if the class of models of T is h-inductive.
Fact 1.1 ([4, Théorème 23]) A theory is h-inductive if and only if it
is axiomatized by h-inductive sentences.
1.1 Positively existentially closed models
In this subsection, we will give some properties and characterizations of
special classes of structures of an h-inductive theory. Namely the classes
of positively existentially closed models (in short, pc), and h-maximal
models.
Definition 1.1 A member M of a class Γ of L-structures is said to be
pc (respectively h-maximal) in Γ, if every homomorphism from M into a
member of Γ is an immersion (respectively an embedding).
In [4] it is shown that the pc models exist for any consistent h-inductive
theory. We have the useful following fact.
Fact 1.2 ([4, Théorème 1, lemme 12]) :
• Every member of an h-inductive class is continued in a pc member
of the class.
• The class of pc models of an h-inductive theory T is h-inductive.
Definition 1.2 ([4]) Two h-inductive theories are said to be companions
if they have the same h-universal consequences.
Fact 1.3 ([4, lemme 7]) Two h-inductive theories are companions if and
only if they have the same pc models.
Remark 1 Two companion theories do not necessarily share the same
h-maximal models.
The h-inductive theory T has a maximal companion denoted Tk(T )
called the Kaiser’s hull of T ; it is the set of all h-inductive sentences true
in every pc model of T . Similarly, T has a minimal companion denoted
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Tu(T ), formed by its h-universal consequences.
Let A be a L-structure. We denote by Ti(A) the set of h-inductive sen-
tences which are true in A.
Let L′ be the language obtained from L by adding the elements of A as
constants to L. We denote by Tk(A) the set of h-inductive sentences in
the language L′ which are true in A.
Definition 1.3 An h-inductive theory T is said to be model-complete if
all models of Tk are pc models of T . In other words, the class of pc models
is axiomatised by the Kaiser’s hull Tk.
An h-inductive class Γ is said to be complete if it has the jhp property (ie
for every A,B elements of Γ there is C an element of Γ in which A and
B are continued)
Lemma 1 An h-inductive theory T is complete if and only if its pc models
have the same h-inductive theory.
Proof: Let A and B be two pc models of T , since T is a complete theory.
A and B are immersed in a pc model C of T . Thereby A, B and C satisfy
the same h-inductive theory.
For the other direction, since any two pc models of T share the same
h-inductive theory, by compactness they have a common continuation in
the class of models of T .
Lemma 2 Let T be a complete h-inductive theory which has a finite pc
model Ae. Then T is model-complete and the class of its pc models is
reduced to Ae up to isomorphism.
Proof: Let B be a pc model of T . We claim that | Ae |=| B |. Indeed,
since T is complete, then its pc models have the same h-inductive theory
Tk(T ). On the other hand, since Ae satisfies χ the following h-inductive
sentence
∀x1, · · · , x|A|+1 (
∨
1≤i6=j≤|A|+1
xi = xj)
Then B ⊢ χ, thereby |B| ≤ |Ae|. Similarly, we have |Ae| ≤ |B|.
Moreover, since Ae and B are immersed in a pc model C which has the
same cardinality of Ae. Then Ae and B are isomorph.
Examples 1 :
• Consider the language L = {Ri : i < ω}, where Ri are 1-ary rela-
tions symbol. Let Tω be the h-universal theory
{¬∃x (Ri(x) ∧ Rj(x)) | i, j < ω, i 6= j}
The L-structure Ae = {xi | i < ω} such that for all i < ω we have
Ae |= Ri(xi) is the unique pc model of Tω. Then Tω is not model-
complete theory.
The h-maximal models of Tω are the substructures of Ae.
• Let L be the relational language {S(x, y)}. Let T3 be the h-inductive
theory
{∀ x1, · · · , x5 (
5∧
i=2
S(x1, xi) −→
∨
1≤i6=j≤5
xi = xj), ¬∃xS(x, x)}
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T3 is a complete theory. The L-structure Ae = {a, b, c, d} such that
Ae ⊢ ∀xy ((x = y) ∨ S(x, y))
Is a pc model of T3. By the lemma 2, Ae is the unique pc model of
T3. Thereby T3 is model-complete.
The h-maximal models of T3 are the substructures of Ae.
• This example is given in [5]. Let L be the functional language {f}.
Let Ts be the h-inductive theory
Ts = {¬∃x (f(x) = x)}
The unique pc model of Ts is the L-structure Ae formed by all p-
cycles, where p is a prime number. Thereby Ts is not model-complete
theory. The h-maximal models of T are the substructures of Ae.
Generally the class of h-maximal models of T is not always the class of
substructures of the pc models. A simple instance of this situation is given
by the theory of rings. The domain Z is a substructure of the pc model C,
but it is not a h-maximal model of rings theory.
1.2 Types space
Definition 1.4 Let T be an h-inductive theory in a language L. An n-
type is a maximal set of positive formulas in n variables that is consistent
with T .
A model A of an h-inductive theory T is pc model, if and only if for
every a¯ ∈ A, the set of positive formulas satisfied by a¯ is a type.
Therefore, if a pc model A of a theory T does not satisfy φ(a¯), where φ
is a positive formula and a¯ ∈ A. Then there is ψ a positive formula such
that A |= ψ(a¯) and
T ⊢ ¬∃x(φ(x¯) ∧ ψ(x¯)).
Let φ be a positive formula. We denote by ResT (φ), the resultant of φ
modulo T , is the set of positive formulas ψ such that
T ⊢ ¬∃x(φ(x¯) ∧ ψ(x¯)).
Let A be a model of an h-inductive theory T and a¯ ∈ A. We denote
by FA(a¯) (resp DA(a¯)) the set of positive formulas (resp quantifier-free
positive formulas) satisfied by a¯ in A. We denote by Sn(T ) the space of
n-types of a theory T .
One defines a topology on the space Sn(T ) for which the basis of closed
sets are the sets Fϕ, where ϕ ranges over the entire set of positive formulas,
and
Fϕ = { p ∈ Sn(T ) | p ⊢ ϕ }
Definition 1.5 An h-inductive theory T is said to be Hausdorff if and
only if for every natural number n, the topological space Sn(T ) is Haus-
dorff. A L-structure M is said to be Hausdorff if and only if the theory
Tk(M) is Hausdorff in the language obtained from L by adding the ele-
ments of M as constants.
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Note that, The topological spaces Sn(T ) are quasi-compact, but gener-
ally are not Hausdorff.
Definition 1.6 Let (ϕ,ψ) be a pair of positive formulas such that T 0
∀x¯ϕ(x¯) ∨ ∀y¯ψ(y¯).
(ϕ,ψ) is said to be T -complementary if and only if T ⊢ ¬∃x¯ (ϕ(x¯)∧ψ(x¯))
and T ⊢ ∀x¯ (ϕ(x¯) ∨ ψ(x¯)). In this case each of the both formulas is said
to be T -complemented.
We say that (ϕ,ψ) is T -weakly complementary if and only if T ⊢ ∀x¯ (ϕ(x¯)∨
ψ(x¯)). In this case each of the both formulas is said to be T -weakly com-
plemented.
Consider an h-inductive theory T . For every positive formula ϕ. We
denote by Oϕ the set of types p ∈ S(T ) such that p 0 ϕ. We have the
following properties:
For every positive formula ϕ;
Oϕ = (Fϕ)
c =
⋃
φ∈ResT (ϕ)
Fφ.
A pair of positive formulas (ϕ,ψ) is Tk(T )-complementary if and only if
Oϕ = Fψ.
A theory T is model-complete if and only if every positive formula is
Tk(T )-complemented.
Lemma 3 Let T be an h-inductive theory. Tk(T ) is model-complete if
and only if for every positive formula φ, there is a Tk(T )-complementary
pair of positive formulas (ϕ,ϕc) such that:
Tk(T ) ⊢ ∀x¯ (φ(x¯)→ ϕ(x¯))
and for every φ′ ∈ ResT (φ) we have
Tk(T ) ⊢ ∀x¯ (φ
′(x¯)→ ϕc(x¯)).
Proof: Suppose that Tk(T ) is model-complete. Then each positive for-
mula φ has a Tk(T )-complement φ
c. We take ϕ = φ and ψ = φc. The
considered formulas satisfy the desired properties.
For the reverse direction. Let φ be a positive formula. By hypothesis
there is a Tk-complementary pair (ϕ,ψ) of positive formulas such that; for
every φ′ ∈ ResT (φ), the theory Tk(T ) satisfies the following h-inductive
sentences;
∀x¯ (φ(x¯)→ ϕ(x¯)); ∀x¯ (φ′(x¯)→ ϕc(x¯))
This means that in the topological space S(T ) we have Fϕc = Oφ. Then
φ is Tk(T )-complemented. Thereby T is model-complete.
Positive Robinson theories
Definition 1.7 Let T be an h-inductive theory. T is said to be positive
Robinson if it satisfies the following condition:
For any pc models A and B of T ;
∀(a¯, b¯) ∈ A×B; DA(a¯) ⊆ DB(b¯)⇒ tp(a¯) = tp(b¯).
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Remark:
If T is positive Robinson theory, then all its companion theories are of
Robinson.
Examples 2 Let Tω, T3 and Ts be the theories given in the example 1;
• Tω, T3 and Ts are positive Robinson theories.
• The theory of commutative rings is a positive Robinson theory.
• The theory of groups is a positive Robinson theory. Indeed in the
framework of positive logic, the unique pc model of this theory is the
trivial group {e}.
Lemma 4 Let T be a positive Robinson theory. The h-maximal models
of Tu are the substructures of the pc models of T .
Proof: Consider the following the diagram
A
e //
f

Ae
B
g
// Be
Where Ae is a pc model of T , A a substructure of Ae, B a model of
Tu, Be a pc model of T in which B is continued by a homomorphism g,
and f a homomorphism from A into B.
Let a¯ be a tuple of A. For every quantifier-free positive formula ϕ such
that B |= ϕ(f(a¯)) we have Be |= ϕ(g ◦ f(a¯)). Thereby;
DAe(a¯) = DA(a¯) ⊂ DBe(g ◦ f(a¯))
Moreover, since T is a positive Robinson theory we obtain DA(a¯) = DBe(g◦
f(a¯)) for each a¯ ∈ A, this means that g ◦ f is an embedding, then f is an
embedding. Consequently A is a h-maximal model of Tu.
Reciprocally, since each model A of Tu is continued into a pc model of
Tu, Then every h-maximal model of Tu is embedded in some pc model of
T .
2 Amalgamation bases
Definition 2.1 Let Γ be a class of L-structures. An element A of Γ is
said to be an amalgamation basis of Γ if and only if for all B,C in Γ, and
f, g homomorphisms from A respectively into B and C, there exist D ∈ Γ
and f ′, g′ homomorphisms such that the following diagram commutes;
A
f //
g

B
g′

C
f ′
// D
We say that Γ has the amalgamation property if every element of Γ is an
amalgamation basis.
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Remarks 1 Let T, T ′ be two h-inductive companion theories.
• . If T has the amalgamation property we can not say the same for
T ′, except if T ⊂ T ′.
• The classes of amalgamation bases of T and T ′ are not necessarily
equal.
Examples 3 • Let A be a L-structure. A is an amalgamation basis of
Tu(A), where Tu(A) is the h-universal theory of A in the language L
′
obtained from L by adding the elements of A as constants. Indeed,
since A is immersed in each model of Tu(A), the fact that A is an
amalgamation basis of Tu(A) follows from the fact 2.1.
• Every pc model of an h-inductive theory T is an amalgamation basis
of T .
• Let T be a model-complete theory. Since each model of Tk(T ) is a
pc model of T , then Tk(T ) has the amalgamation property.
• Let P and Q two 1-ary relation symbols. Let L be the relational
language {P,Q}. Let T be the h-universal theory consisting in the
axiom ¬∃xy(P (x)∧Q(y)).
T has exactly two pc models Ae = {a} and Be = {b} such that,
Ae |= P (a) and Be |= Q(b). Thereby T is model-complete.
T has the amalgamation property. Indeed, let A,B,C be models of
T . Suppose that A is continued in B and C, and A ⊢ ∃xP (x). Then
B and C satisfy ∃xP (x), thereby the following diagram commutes:
A
f //
g

B
g′

C
f ′
// {a}
Where {a} is the pc model Ae.
• Tω and Tk(Tω) the Kaiser’s hull of Tω do not have the amalgamation
property.
• Let Tn be a theory consisting in a finite subset of the set of h-universal
sentences of Tω. Since Tn is complete and has a finite pc models,
by the lemma 2, Tn is model- complete. Thereby Tk(Tn) has the
amalgamation property.
• T3 does not have the amalgamation property. Indeed, let A,B,C be
the models of T3 given in the figure below:
b
❃
❃❃
❃❃
❃❃
❃
⑧⑧
⑧⑧
⑧⑧
⑧⑧
✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴
a
??

c

oo
f
77♣♣♣♣♣♣♣♣♣♣♣♣♣♣
d
gg◆◆◆◆◆◆◆◆◆◆◆◆◆◆
A
oo
b
❃
❃❃
❃❃
❃❃
❃
⑧⑧
⑧⑧
⑧⑧
⑧⑧
✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴
a
??

// c

oo
f
77♣♣♣♣♣♣♣♣♣♣♣♣♣♣
GG✎✎✎✎✎✎✎✎✎✎✎✎✎✎
d
gg◆◆◆◆◆◆◆◆◆◆◆◆◆◆
B
oo
b
❃
❃❃
❃❃
❃❃
❃
⑧⑧
⑧⑧
⑧⑧
⑧⑧
✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴
a
??
 ''◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
c

oo
f
77♣♣♣♣♣♣♣♣♣♣♣♣♣♣
GG✎✎✎✎✎✎✎✎✎✎✎✎✎✎
d
gg
C
oo
A is continued into B and C, and the diagram resulting can not be
amalgamate. Note that Tk(T3) has the amalgamation property.
7
• Ts does not have the amalgamation property. Indeed, Z is contin-
ued onto two distinct p-cycles, but the diagram resulting can not be
amalgamate by a model of Ts.
• The fields constitutes an h-inductive subclass of amalgamation bases
in the class of commutative rings.
Lemma 5 If A is an amalgamation basis of the theory of rings then A is
simple.
Proof: Suppose that A is a not-simple amalgamation basis of rings. Let
I be a maximal proper ideal of A, x ∈ A − I and let (x) be the ideal
generated by x.
Since A is an amalgamation basis and continued into A/I and A/(x);
there is B a ring such that the following diagram commutes
A
f //
g

A/(x)
f ′

B/I
e // B
Where f, f ′ and g are homomorphisms, e an embedding.
Consequently, we have e(g(x)) = f ′(f(x)) = 0, this implies that x ∈ I.
Contradiction, thereby A is a simple ring.
Remark 2 B is an amalgamation basis of the theory of commutative
rings if and only if it is a field.
The following facts give a useful characterisation of positive Robinson
theories and amalgamation bases. The fact 2.1 is a modified version of
the so-called "asymetric amalgamation" given in [4].
Fact 2.1 (lemma 4, [1]) Let A,B,C be L-structures, let i be an im-
mersion from A into B, and h be a homomorphism from A to C. There
exist a model D of Tk(C) a homomorphism h
′ from B to D, and an im-
mersion im from C into D such that the following diagram commutes
A
i //
h

B
h′

C
im
// D
Fact 2.2 (lemma 3, [1]) Let T be an h-inductive theory and A a model
of T . Then the following properties are equivalent:
1. A is an amalgamation basis,
2. For every a n-tuple from A, there exists a unique type in Sn(T ) that
contains FA(a).
Fact 2.3 (lemma 9, [1]) Let T be a positive Robinson theory. Then we
have the following properties:
1. Every model of T that embeds in a pc model of T is a h-maximal
model of T .
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2. The h-maximal models of T have the amalgamation property.
Moreover, if T is h-universal then these two conditions are sufficient to
conclude that T is a positive Robinson theory.
The following lemma is a generalization of the fact 2.3. It gives a connec-
tion between the positive Robinson theory and the amalgamation property.
Lemma 6 An h-inductive theory T is a positive Robinson theory if and
only if the class of substructures of pc models of T has the amalgamation
property.
Proof: Suppose that T is a positive Robinson theory, then Tu(T ) is a
positive Robinson Theory. According to lemma 4, every substructures of
pc models is a h-maximal model of Tu(T ); by the fact 2.3 the class of
h-maximal models of Tu(T ) has the amalgamation property.
Suppose now that the class of substructures of pc models of T has the
amalgamation property. Let A be a substructure of a pc model Ae of
T . We claim that A is a h-maximal model of Tu(T ). Indeed, let f be a
homomorphism from A into a model B of Tu(T ), let Be be a pc model
of T in which B is continued by a homomorphism g. Since the class of
substructures of pc models has the amalgamation property, we obtain the
following commutative diagram
A
e //
f

Ae
i1

B
g
// Be
i2
// C
Where C is a substructure of a pc model, then C is a model of Tu(T ). On
the other hand, the fact that Ae and Be are pc models entails that i1, i2
are immersions. However, as i2 ◦g ◦f = i1 ◦e, and i1 ◦e is an embeddings
then the homomorphism f is an embedding. Thereby A is a h-maximal
of Tu(T ). Therefore, the class of h-maximal models of Tu(T ) is the class
of substructures of pc models of T . By the fact 2.3 Tu(T ) is a positive
Robinson theory.
Definition 2.2 Let T be an h-inductive theory and p ∈ S(T ). Let D be
a set of positive formulas. D is called p-dense if and only if it satisfies the
following property:
∀q ∈ S(T ), D ⊆ q ⇒ p = q.
Remark 3 A theory T is a positive Robinson theory if and only if for
every type p in S(T ) there is a set of quantifier-free positive formulas
which is p-dense.
Lemma 7 A model A of A theory T is an amalgamation basis if and only
if for every a¯ ∈ A there is p ∈ S(T ) such that FA(a¯) is p-dense.
Proof: Let A be an amalgamation basis of T . By the fact 2.2, for every
a¯ ∈ A there is a unique type p ∈ Sn(T ) such that p |= FA(a¯), hence FA(a¯)
is p-dense.
Suppose now that for any a¯ ∈ A there is p ∈ Sn(T ) such that FA(a¯) is
p-dense, then p is the unique type that contains FA(a¯). By the fact 2.2,
A is an amalgamation basis of T .
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Corollary 1 Let A be an amalgamation bases and let f be a homomor-
phism from A into a model B of T . Then f(A) is an amalgamation basis
of Tu(T ).
Corollary 2 The class of amalgamation bases of an h-inductive theory
is inductive.
Proof: Let I be a totally ordered set, and let (Ai, fij)i,j∈I be a induc-
tive family of amalgamation bases of T . Let A be the inductive limit of
(Ai, fij)i,j∈I . From the construction of A we have, for every a¯ ∈ A there
is i ∈ I such that a¯ ∈ Ai and FAi(a¯) ⊂ FA(a¯). Since Ai is an amalgama-
tion basis, there is p ∈ S(T ) such that FAi(a¯) is p-dense. Thereby FA(a¯)
is p-dense, and by the lemma 7 A is an amalgamation basis of T .
We denote by Tm(T ) the h-inductive theory of the class of amalgama-
tion bases of T . We have T ⊂ Tm(T ) ⊂ Tk(T ).
Remark 4 • T and Tm(T ) are companion theories.
• The class of amalgamation bases is elementary if and only if it is
axiomatized by Tm(T ) (fact 1.1).
Theorem 1 A model A of T is an amalgamation basis if and only if there
is a pc model Ae of T in which A is continued by a homomorphism f and
such that the triple (A,Ae, f) satisfies the following property;
for every positive formula ϕ and a¯ ∈ A; if Ae 0 ϕ(f(a¯)) then there is
ϕc ∈ ResT (ϕ) such that A |= ϕ
c(a¯).
Proof: Suppose the property cited in the theorem holds for a model A of
T . We claim that A is an amalgamation basis of T . Indeed, let a¯ ∈ A.
Pose p = tp(f(a¯)) in Ae. We will show that Fa(a¯) is p-dense.
Let q ∈ S(T ) such that FA(a¯) ⊆ q. Let ϕ be a positive formula such that
p 0 ϕ, by hypothesis there is ϕc a positive formula such that ϕc ∈ FA(a¯)
and T ⊢ ¬∃x¯ (ϕ(x¯) ∧ ϕc(x¯)). Then q ⊢ ϕc and q 0 ϕ. Thereby q ⊆ p, by
the maximality of types we obtain p = q.
For the reverse direction. Let A be an amalgamation basis of T . Owing
to the lemma 7, for every a¯ ∈ A there is a unique type p ∈ Sn(T ) such
that FA(a¯) is p-dense. Let ϕ be a positive formula such that p 0 ϕ, then
every continuations of A do not satisfy ϕ(a¯) because otherwise A would
not be an amalgamation basis. Thereby the set of h-inductive sentences
{T,Diag+(A), ϕ(a¯)} is inconsistent. Then by compactness there exists
ψ(a¯, b¯) ∈ Diag+(A) such that T ⊢ ¬∃x¯ (ϕ(x¯) ∧ ∃y¯ψ(x¯, y¯)). Denote by ϕc
the positive formula ∃y¯ψ(x¯, y¯). we obtain A |= ϕc(a¯) and T ⊢ ∃x¯ (ϕ(x¯) ∧
ϕc(x¯)). The following characterization of the Hausdorff property of an
h-inductive theory is given is [4].
Fact 2.4 (theorem 20, [4]) An h-inductive theory T is Hausdorff if
and only if the theory Tk(T ) has the amalgamation property.
Remark 5 Considering Tm(T ) ⊂k (T ), if the class of amalgamation
bases is elementary then the theory is Hausdorff.
Corollary 3 If the class of h-maximal models of T is elementary and has
the amalgamation property then T is Hausdorff.
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Proof: Since T ≤ T ⋆(T ) ≤ Tk(T ) where T
⋆(T ) is the h-inductive the-
ory of the class of h-maximal models, thus every models of Tk(T ) is a
h-maximal model and then an amalgamation basis of T . By the fact 2.4
T is Hausdorff.
In the rest of this section we will discuss the preservation of the prop-
erty of amalgamation by extension and restriction.
Lemma 8 Let B be an amalgamation basis of an h-inductive theory T
and A a structure which is immersed in B, then A is an amalgamation
basis of T .
Proof: Let B1, B2 be models of T , f and g homomorphisms from A re-
spectively into B1 and B2. Since A is immersed in B, by the fact 2.1,
there exist C1 |= Tk(B1) and C2 |= Tk(B2) ( which are evidently model of
T ) such that the following diagram commutes.
B1
f1 // C1
A
f
>>⑥⑥⑥⑥⑥⑥⑥⑥
g
  ❆
❆❆
❆❆
❆❆
❆
im // B
h1
==⑤⑤⑤⑤⑤⑤⑤⑤
h2
!!❇
❇❇
❇❇
❇❇
❇
B2 g1
// C2
where h1, h2 are homomorphisms, im, f1 and g1 are immersions.
Now, since B in an amalgamation basis of T and C1, C2 models of T , we
obtain the following commutative diagram
B1
f1 // C1
f ′
  ❆
❆❆
❆❆
❆❆
❆
A
f
>>⑥⑥⑥⑥⑥⑥⑥⑥
g
  ❆
❆❆
❆❆
❆❆
❆
im // B
h1
==⑤⑤⑤⑤⑤⑤⑤⑤
h2
!!❇
❇❇
❇❇
❇❇
❇ D
B2 g1
// C2
g′
>>⑥⑥⑥⑥⑥⑥⑥⑥
Where f ′, g′ are homomorphisms and D |= T . Thereby A is an amalga-
mation basis of T .
Fact 2.5 (theorem 1, [1]) Let A be a L-structure and a B pc model of
Tk(A) (with parameters in A). Tk(A) is Hausdorff if and only if Tk(B) is
Hausdorff.
Lemma 9 Let T be a complete h-inductive theory and let Ae and Be be
pc models of T . Ae is Hausdorff if and only if Be is Hausdorff.
Proof: Since T is complete, there is a pc model Ce of T such Ae and Be
are continued in Ce. On the other hand, as Ae, Be and Ce are pc models
of T , then Ce is respectively a pc model of Tk(Ae) in the language obtained
from the language of T by adding the elements of Ae as constants; and a pc
model of Tk(Be) with parameters in Be. By the fact 2.5, Be is Hausdorff.
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Lemma 10 Let T be a complete h-inductive theory. If T is Hausdorff and
Ae a pc model of T , then Tk(Ae) (with parameters in Ae) is Hausdorff.
Proof: Let Ae be a pc model of T . Suppose that T is Hausdorff. We will
show that Tk(Ae) has the amalgamation property.
Let B,C and D be models of Tk(Ae) such that B is continued into C and
D respectively by the homomorphisms f and g. Since B,C and D are also
models of Tk(T ) and Tk(T ) has the amalgamation property; then there is
a model E of Tk(T ) such that the following diagram commutes;
Ae
im // B
f //
g

C
f ′

D
g′
// E
where im is an immersion, f
′ and g′ are homomorphisms.
Now, since E ⊢ T and Ae is a pc model of T , then f
′ ◦ f|Ae and g
′ ◦ g|Ae
are immersions. Using the fact that Ae is immersed in E, and Ae is a pc
model of T we obtain the consistency of the set of h-inductive sentences
{Tk(Ae), Diag
+(E)}. Indeed, in the contrary case by compactness we
would have a positive formula ϕ and a¯ ∈ Ae such that E |= ∃x¯ ϕ(a¯, x¯) and
Tk(Ae) ⊢ ¬∃x¯ ϕ(a¯, x¯), this entails Ae ⊢ ∃x¯ ϕ(a¯, x¯). Contradiction with
Tk(Ae) ⊢ ¬∃x¯ ϕ(a¯, x¯). Thus {Tk(Ae), Diag
+(E)} is consistent, thereby
E is continued into F a model of Tk(Ae), and we obtain the commutative
diagram
B
f //
g

C
f ′

D
g′
// E h // F
Therefore Tk(Ae) has the amalgamation property, and by the fact 2.4, Ae
is Hausdorff.
3 Characterization of the amalgamation
basis and amalgamation property
Theorem 2 Let A be a model of an h-inductive theory T . A is an amal-
gamation basis of T if and only if it satisfies the following property:
For every positive formula φ and a¯ a tuple of A; if A 2 φ(a¯) then there
exist φ′ ∈ ResT (φ), and (ϕψ)ψ∈ResT (φ) a family of positive formulas such
that; for every ψ ∈ ResT (φ) we have ϕψ ∈ ResT (ψ), and:
A |= φ′(a¯) ∨
∧
ψ∈ResT (φ)
ϕψ(a¯).
Proof: Let A be an amalgamation basis of T and let φ be a positive
formula. Consider a¯ a tuple of A such that A 2 φ(a¯). Then we dis-
tinguish two cases depending on whether the set of h-inductive sentences
{T,Diag+(A), φ(a¯)} is consistent or not.
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• {T,Diag+(A), φ(a¯)} is inconsistent. By compactness there is a pos-
itive formula φ′ such that A  φ′(a¯) and T ⊢ ¬∃x¯ (φ(x¯) ∧ φ′(x¯)).
Thereby φ′ ∈ ResT (φ) and A  φ
′(a¯).
• {T,Diag+(A), φ(a¯)} is consistent. Since A is an amalgamation ba-
sis, then for every ψ ∈ ResT (φ) the set of h-inductive sentences
{T,Diag+(A), ψ(a¯)} is inconsistent. By compactness there is ϕψ ∈
ResT (ψ) such that A |= ϕψ(a¯). Hence we obtain A 
∧
ψ∈ResT (φ)
ϕψ(a¯).
For the reverse direction, consider A a model of T such that; For
every positive formula φ and a¯ a tuple of A, if A 2 φ(a¯) then there exist
φ′ ∈ ResT (φ), and (ϕψ)ψ∈ResT (φ) a family of positive formulas such that.
For every ψ ∈ ResT (φ) we have ϕψ ∈ ResT (ψ), and:
A ⊢ φ′(a¯) ∨
∧
ψ∈ResT (φ)
ϕψ(a¯)
Suppose that A is not an amalgamation basis of T , then there exist B and
C pc models of T in which A is continued and such that, in the language
obtained from the language of T by adding the elements of A as constants;
the set of h-inductive sentences {T,Diag+(B),Diag+(C)} is inconsistent.
By compactness there are (φ, ψ) a pair of positive formulas and a¯ ∈ A such
that ϕ ∈ ResT (φ) and;
B |= φ(a¯), C |= ϕ(a¯), A 2 φ(a¯)
By hypothesis, there exist φ′ ∈ ResT (φ) and (ϕψ)ψ∈ResT (φ) a family
of positive formulas such that; for every ψ ∈ ResT (φ) we have ϕψ ∈
ResT (ψ), and:
A ⊢ φ′(a¯) ∨
∧
ψ∈ResT (φ)
ϕψ(a¯)
Suppose that A |= φ′(a¯), then B |= φ′(a¯) ∧ φ(a¯) which is impossible.
Consequently A |=
∧
ψ∈ResT (φ)
ϕψ(a¯). Moreover, since A is continued
into C, then C |=
∧
ψ∈ResT (φ)
ϕψ(a¯). By the fact that C is a pc model
of T , and for every ψ ∈ ResT (φ) we have C |= ϕψ(a¯) then C |= φ(a¯).
Contradiction with C ⊢ ϕ(a¯). Therefore A is an amalgamation basis of
T .
Theorem 3 The class of amalgamation bases of an h-inductive theory T
is elementary if and only if it is axiomatized by the following h-inductive
theory:
For every positive formula φ and for every φ′ ∈ ResT (φ) there is (ϕ,ψ)
a pair of Tm(T )-weakly complementary positive formulas such that ϕ ∈
ResT (φ) and ψ ∈ ResT (φ
′).
Proof: Suppose that the class of amalgamation bases is elementary and
assume the existence of a pair of positive formulas (φ, φ′) such that φ ∈
ResT (φ
′), and for every pair of positive formulas (ϕ,ψ); if ϕ ∈ ResT (φ)
and ψ ∈ ResT (φ
′) then Tm(T ) 0 ∀x¯(ϕ(x¯)) ∨ ψ(x)).
By compactness we obtain the consistence of the set of the h-inductive
sentences
T ⋆ = {Tm(T ),¬φ(x¯),¬φ
′(x¯),¬ϕ(x¯),¬ψ(x¯) | ϕ ∈ ResT (φ);ψ ∈ ResT (φ
′)}
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Now, let A be a model of T ⋆, and a¯ a tuple of A such that
A 2 φ(a¯) ∨ φ′(a¯) ∨ ϕ(a¯) ∨ ψ(a¯)
Where ϕ and ψ range respectively through ResT (φ) and ResT (φ
′).
By compactness we get the following diagram
A
f //
g

B
C
where f and g are homomorphisms, B and C are models of T such that
B |= φ(f(a¯)) and C |= φ′(a¯). It is obvious that the diagram thus ob-
tained can not be completed with a model of T to have a commutative
diagram. This leads us to a contradiction. Thereby for every pair of pos-
itive formulas (φ, φ′) such that φ′ ∈ ResT (φ) there is (ϕ,ψ) a pair of
Tm(T )-weakly complementary positive formulas such that ϕ ∈ ResT (φ)
and ψ ∈ ResT (φ
′).
For the reverse direction, let A be a model of Tm(T ) (the h-inductive
theory of the class of amalgamation bases of T ) such that for every a pair
of positive formulas (φ, φ′) with φ′ ∈ ResT (φ), there is (ϕ, ψ) a pair of
Tm(T )-weakly complementary positive formulas such that ϕ ∈ ResT (φ)
and ψ ∈ ResT (φ
′).
Suppose that A is not an amalgamation basis of T . Then there exist
B and C model of T in which A is continued, a¯ ∈ A, φ(x¯), and φ′(x¯)
positive formulas with φ′ ∈ ResT (φ), such that Be |= φ(a¯) and Ce |=
φ′(a¯). Let (ϕ, ψ) be a pair of Tm(T )-weakly complementary formula such
that ϕ ∈ ResT (φ) and ψ ∈ ResT (φ
′). Suppose that A |= ϕ(a¯), thereby
B |= φ(a¯) ∧ ϕ(a¯). Contradiction with ϕ ∈ ResT (φ). The same is if
A |= ψ(a¯). Therefore A is an amalgamation basis of T .
Corollary 4 Let T be a h-inductive theory. Tk(T ) has the amalgamation
property if and only if it satisfies the following property.
For every positive formula φ, and for every φ′ ∈ ResT (φ); there exists
a pair (ϕ,ψ) of Tk(T )-weakly complementary positive formulas such that;
ϕ ∈ ResT (φ
′), and ψ ∈ ResT (φ).
Proof: From the fact 2.4 and the theorem 3.
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